We consider a canonical transformation of parabolic coordinates on the plain and suppose that this transformation together with some additional relations may be considered as a counterpart of the auto and hetero Bäcklund transformations associated with the integrable Hénon-Heiles systems.
Introduction
According to classical definition by Darboux [4] , a Bäcklund transformation between the two given PDEs E(u, x, t) = 0 andẼ(v, y, τ ) = 0
is a pair of relations and some additional relations between (x, t) and (y, τ ), which allow to get both equations E and E. The BT is called an auto-BT or a hetero-BT depending whether the two PDEs are the same or not. The hetero-BTs describe a correspondence between equations rather than a one-to-one mapping between their solutions [1, 9] . In the modern theory of partial differential equation Bäcklund transformations are seen also as a powerful tool in the discretization of PDEs [2] . A counterpart of the auto Bäcklund transformations for finite dimensional integrable systems can be seen as the canonical transformation (u, p u ) → (v, p v ) , {u i , p uj } = {v i , p vj } = δ ij , i, j = 1, . . . , n, (1.2) preserving the algebraic form of the Hamilton-Jacobi equations H i u, ∂S ∂u = α i and H i v, ∂S ∂v = α i associated with the Hamiltonians H 1 , . . . , H n [11] . The counterpart of the discretization for finite dimensional systems is also currently accepted: by viewing the new v-variables as the old u-variables, but computed at the next time step; then the Bäcklund transformation (1.2) defines an integrable symplectic map or discretization of the continuous model, see discussion in [6, 13] .
The counterpart of the hetero Bäcklund transformations for finite dimensional integrable systems has to be a canonical transformation (1.2), which has to relate two different systems of the Hamilton-Jacobi equations
and has to satisfy some additional conditions. It is necessary to add these conditions to (1.2) and (1.3) in order to get a non-trivial, usable and efficient theory. The question of how to do it remains open. One of the possible additional conditions may be found in the theory of superintegrable systems. For instance, let us consider integrals of motion for the two-dimensional harmonic oscillator
which yield the Hamilton-Jacobi equations separable in Cartesian coordinates u = (x, y) on the plane. Another pair of Hamiltonians for the same harmonic oscillator
is separable in polar coordinates v = (r, ϕ) on the plain. Canonical transformation of variables
defines a correspondence between the two different systems of the Hamilton-Jacobi equations
This correspondence may be considered as a hetero-BT defined by the generating function
relations between (x, y) and (r, ϕ) x = r cos ϕ , y = r sin ϕ , and with an additional condition that Hamilton function H 1 =H 1 is simultaneously separable in u and v variables. Canonical transformation (1.4) can be considered as the semi hetero-BT relating different Hamilton-Jacobi equations, which are various faces of the same superintegrable system. We know that theory of such semi hetero-BTs is a profound and very useful theory, both in classical and quantum cases [7] .
The main aim of this note is to discuss a correspondence between integrable Hénon-Heiles systems proposed in [10] . This correspondence between different Hamiltonians may be considered as a counterpart of the generic hetero-BTs relating different but simultaneously separable in v-variables Hamilton-Jacobi equations.
The Jacobi method
Let us consider some natural Hamilton function on
The corresponding Hamilton-Jacobi is said to be separable in a set of canonical coordinates u i if it has the additively separated complete integral
where S i are found by quadratures as solutions of ordinary differential equations. In order to express initial physical variables (q, p) in terms of canonical variables of separation (u, p u ) we have to obtain momenta p ui from the second Jacobi equations
Solving these equations with respect to α i one gets integrals of motion H i = α i as functions on variables of separation (u, p u ).
According to Jacobi we can use canonical transformation (q, p) → (u, p u ) in order to construct other integrable systems. For instance, if u i are parabolic coordinates on R
the second Jacobi equations (2.6) may be rewritten in the following form
where U i (u i ) are functions defined by the potential part V (q 1 , . . . , q n ) of the Hamiltonian (2.5).
Adding together all the separated relations (2.8) one gets another integrable Hamiltoniañ
which can be considered as an integrable perturbation of H (2.5). Of course, in generic case this perturbation has no physical meaning. Auto-BTs of the initial Hamilton-Jacobi equation
preserve an algebraic form of the initial Hamiltonian H (2.5) and change the form of the second Hamiltoniañ
We can try to pick out a special and maybe unique auto-BT, which gives physical meaning to the second HamiltonianH, as some of the possible counterparts of the hetero-BTs relating different but simultaneously separable Hamilton-Jacobi equations.
The Hénon-Heiles systems
There are three integrable Hénon-Heiles systems on the plane, which can be identified with appropriate finite-dimensional reductions of the integrable fifth order KdV, Kaup-Kupershmidt and Sawada-Kotera equations [5] . An explicit integration for all these cases is discussed in [3] . We can try to get a hetero-BT for the finite-dimensional Hénon-Heiles systems taking the hetero-BT between these integrable PDEs and then applying the Fordy finite-dimensional reduction [5] . We believe that the same information may be directly extracted from the wellknown Lax representation for the Hénon-Heiles system separable in parabolic coordinates.
Let us take a Lax matrix for the first Hénon-Heiles system separable in parabolic coordinates
Characteristic polynomial of this matrix
contains the Hamilton function of the first Hénon-Heiles system associated with a fifth order KdV
and a second integral of motion
The auto-BTs preserve the algebraic form of the Hamiltonians [11] . Since the characteristic polynomial is the generating function of these integrals of motion, their invariance amounts to requiring the existence of a similarity transformation for the Lax matrix
associated with the given auto-BT. The matrix V needs not to be unique because a dynamical system can have different auto BTs [6, 13] . Let us consider a special, unique similarity transformation associated with matrix
where L ij are entries of the Lax matrix (2.11) and
The Lax matrixL(λ) = V LV −1 is completely defined by the following conditions:
1. first off-diagonal element of the Lax matrix
yields initial parabolic coordinates on the plane (2.7);
2. second off-diagonal element
has only two commuting and functionally independent zeroes v 1,2 ;
3. the conjugated momenta for u and v variables are the values of the diagonal element
In generic case such 2 × 2 Lax matricesL(λ) exist only if the genus of hyperelliptic curve defined by equation det L(λ) − µ = 0 is no more a number of degrees of freedom. The corresponding transformation of the classical r-matrix is discussed in [10] . Thus, we have two families of variables of separation for the first Hénon-Heiles system and can explicitly define the canonical transformation between them.
Proposition 1
The auto-BT for the first Hénon-Heiles system consists of canonical transformation of the parabolic coordinates
and separated relations
which allow to get two equivalent systems of the Hamilton-Jacobi equations
This auto Bäcklund transformation changes coordinates on an algebraic invariant manifold defined by H 1,2 without changing the manifold itself [6] . We can convert this special, unique auto-BT to some analogue of the hetero-BT by adding one more relation. Namely, substituting off-diagonal elementL 2,1 (2.14) into the definition (2.10) one gets the Hamilton function for the second integrable Hénon-Heiles system associated with the Kaup-Kupershmidt equatioñ
the same HamiltonianH
defines a third integrable Hénon-Heiles system associated with the the Sawada-Kotera equation. According [5] canonical transformation (2.17) is a counterpart of the gauge equivalence of the Sawada-Kotera and Kaup-Kupershmidt equations. So, all the Hénon-Heiles systems on the plane are simultaneously separable in v-variables, and we suppose that this fact allows us to define some natural counterpart of the hetero-BT.
Proposition 2 For the Hénon-Heiles systems on the plane (2.12) and (2.16,2.18) an analogue of the hetero-BT consists of the same canonical transformation of the parabolic coordinates
the same separated relations Φ(λ, µ) (2.15) and an additional rulẽ
which allow to get two different systems of the Hamilton-Jacobi equations
This analogue of the hetero-BT relates different algebraic invariant manifolds associated with Hamiltonians H 1,2 andH 1,2 similar to the well-studied relations between different invariant manifolds in the theory of superintegrable systems. For the first Hénon-Heiles system on the plane (2.12) we can consider parabolic variables (u 1,2 , p u1,2 ) as coordinates on the Jacobian variety defined by equations (2.15). In order to get integrals of motion for the second or third Hénon-Heiles systems (2.16,2.18) we have to take linear combinations of these equations and to make simultaneously the special shift of the coordinates (u, p u ) → (v, p v ) on the Jacobian variety.
Integrable Hamiltonian with velocity dependent potential
It is well-known that Hamilton-Jacobi equation is separable in parabolic coordinates u 1,2 if the Hamilton function has the form
where the positive integer N enumerates the members of the hierarchy. At N = 3 one gets the Hénon-Heiles system (2.12), at N = 4 the next member of hierarchy is a "(1:12:16)" system with the following Hamiltonian
(2.19)
The corresponding Lax matrix is equal to
After similarity transformation of L(λ) with matrix V (2.13), wherê
one gets the Lax matrix with two off-diagonal elementsL 12 (λ) andL 21 (λ), which yield two families of variables of separation. As above first coordinates are parabolic coordinates u 1,2 , whereas second coordinates v 1,2 are zeroes of the polynomial similar to the relation between second and third Hénon-Heiles systems.
